THE WEIL ALGEBRA OF A HOPF ALGEBRA 
I - A noncommutative framework 



Michel DUBOIS- VIOLETTE and Giovanni LANDI 



Abstract 

We generalize the notion, introduced by Henri Cartan, of an oper- 
ation of a Lie algebra g in a graded differential algebra Q. Firstly we 
construct a natural extension of the above notion from q to its univer- 
sal enveloping algebra U(q) by defining the corresponding operation of 
U (3) in Q. We analyse the properties of this extension and we define 
more generally the notion of an operation of a Hopf algebra T~L in a 
graded differential algebra VI which is refered to as a ^-operation. We 
then generalize for such an operation the notion of algebraic connec- 
tion. Finally we discuss the corresponding noncommutative version 
of the Weil algebra: The Weil algebra W(T~L) of the Hopf algebra % 
is the universal initial object of the category of %-operations with 
connections. 
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1 Introduction 



This paper is devoted to the noncommutative version of the notion of Cartan 
operation, [7J, [8]. We first extend the notion of an operation of a Lie alge- 
bra g in a graded differential algebra Q as the notion of an operation of the 
universal enveloping algebra U (g) of g in Q. It turns out that the properties 
of an operation of U (g) in Q do only depend on the Hopf algebra structure 
of U(g). Since these properties still make sense if one replaces U(g) by an 
arbitrary Hopf algebra, this allows us to define the notion of an operation of 
a Hopf algebra H in a graded differential algebra Q. We observe that vari- 
ous extensions of the Cartan calculus for the differential calculi on quantum 
groups (see e.g. [2H] and [2]) fall in this framework. We then introduce the 
notion of an algebraic connection for an operation of a Hopf algebra % in a 
graded differential algebra Q generalizing thereby the corresponding notion 
induced by Henri Cartan [7J (see also in [25]) for an operation of a Lie algebra 
in a graded commutative differential algebra. 

The category of operations with connections of a given Hopf algebra H in 
graded differential algebras has a universal initial object W(Ji) which we de- 
scribe and which is the appropriate generalization of the Weil algebra. The 
relation with the construction of [18J is pointed out. It should be stresses 
that W(H) is not connected with the noncommutative Weil algebra of pQ, 
even when TL = U(g). However the purpose of the nice construction of [1] is 
different from that of this paper. 

The plan of the paper is the following. 
In Section 2 we summarize the elements of the classical theory that will be 
generalized in this paper. In this summary we have deliberately dropped two 
assumptions in the definition of an operation of a Lie algebra g in a graded 
differential algebra Q : The first one is the axiom (ix) 2 = 0, VX s g and the 
second one is the graded commutativity of Q. Indeed, as explained in the 
conclusion (ix) 2 — 0, \/X e g follows from the other axioms in all cases of 
interest and plays no role otherwise while the operation of g in a noncommu- 
tative Q makes sense and is useful as pointed out for instance in [2D] for the 
case where g is the Lie algebra Der(A) of all derivations of an algebra A and 
where Q is the universal differential calculus Q(A) over A, [TUJ, [H],[27], |28j. 

At this point, it is worth noticing that the classical definition of con- 
nections, of the Weil algebra, etc. are restricted to the frame of graded 
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commutative differential algebras. Our aim in the next sections is to gen- 
eralize this classical theory to the noncommutative setting in two respects: 
firstly to replace the Lie algebra g, or more precisely its universal enveloping 
algebra U (g), by an arbitrary Hopf algebra H and secondly to allow arbitrary 
(noncommutative) graded differential algebras. 

In Section 3, starting from an operation of a Lie algebra g in a graded 
differential algebra X i— > % x we define its extension ft^if, for h in the uni- 
versal enveloping algebra U (g) of g. We formulate this extension in terms of 
the Hopf algebra structure of U(g). 

In Section 4, we define more generally the notion of operation of a Hopf 
algebra H in a graded differential algebra Q. 

Section 5 is devoted to the noncommutative generalization of algebraic 
connections and to the description of an important example for the sequel. 

In Section 6 we define the Weil algebra W(H) of a Hopf algebra as the 
universal initial object of the category of "H-operations with connections. 

Throughout this paper K denotes a field and all vector spaces and algebras 
are over K. By an algebra (resp. a Lie algebra) without other specification 
we always mean a unital associative algebra (resp. a finite-dimensional Lie 
algebra) ; the unit of such an algebra will be denoted by 1 whenever no 
confusion arises. Except in §4.5 where Z-graduations are considered, by a 
graded algebra, we mean a N-graded algebra A = ® n ^o-A n . Given a vector 
space E, its dual is denoted by E* and given a linear mapping <p : E — > F we 
denote by </?* : F* — > E* the corresponding transposed linear mapping. The 
tensor algebra of E is denoted by T(E) = 0„_E®™, the symmetric algebra of 
E is denoted by SE = ® n S n E and the exterior algebra of E is denoted by 
aE = ©„ a™ E. If E, F, G, H are Z-graded vector spaces and if tp : E — > F 
and ip : G — > H are homogeneous linear mappings with ip of degree p, then 
their tensor product (p ®ip : E (g) G — > F (x) H is defined by (Koszul rule) 

(v?®V)(a®/3) = (-l) P V(a)®^(/?) 

for a e E homogeneous of degree a and j3 e G. We use everywhere the 
Einstein summation convention of repeated up-down indices in the formulas. 
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2 The classical theory 



We review in this section some basic definitions and facts on the notion of 
operation introduced by Henri Cartan in 1950, [7], [8], (see also [25]). 

2.1 Definition 

Let g be a Lie algebra and let Q be a graded differential algebra with differ- 
ential denoted by d. 

An operation of the Lie algebra g in the graded differential algebra Q is 
a linear mapping 

X^ix (2.1) 

of into the space Der _1 (fi) of the antiderivations (graded-derivations) of 
degree -1 of Q such that if one defines the derivation L x of degree by 

L x = i x d + di x (2.2) 

for X e q, then one has 

[ix,L Y ] = i[x,Y] (2.3) 

for any X,Y e g. 

It follows from (I2.2p and (12.31) that one has 

[L x ,d]=Q (2.4) 

and 

[L X ,L Y ] = L [xx] (2.5) 

for any X,Y e q. Relation (12.51) means that one has a homomorphism of Lie 
algebras L of q into the Lie algebra Der°(fi) of all derivations of degree of 

n. 

2.2 Invariance, horizontality and basicity 

An element a of Q is said to be invariant if one has 

M«) = ( 2 - 6 ) 
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for any X e g while a is said to be horizontal if one has 



ix(o) = 



(2.7) 



for any leg. Finally, a e f2 is said to be basic if it is both invariant and 
horizontal, that is if one has 



for all leg. 

The set Qi of all invariant elements of Q is a graded differential subalgebra 
of Q, the set VLb of all basic elements of Q is a graded differential subalgebra 
of flj (and therefore of Q) while the set Qjj of all horizontal elements of 
Q is only a graded subalgebra of Q which is stable by the L x (X e g). 
The cohomology Hj(Q) of f2/ and the cohomology Hb(Q) of are refered 
to respectively as the invariant cohomology and the basic cohomology of Q 
(whenever no confusion arises concerning the operation). 

2.3 The standard example 

The whole terminology above comes from the theory of differential forms on 
principal bundles. Let G be a Lie group with Lie algebra Lie(G) = g and let 
P = P(M, G) be a principal G-bundle over M (the basis) |30j with projection 
7r : P — > M. The projection n induces a projection T(ty) : T(P) — > T(M) 
of the tangent bundle of P onto the tangent bundle of M and induces by 
duality an injective homomorphism 7r* : Q(M) —*■ fi(P) of graded differential 
algebras of the space fl(Af) of differential forms on the basis M into the space 
f2(P) of differential forms on P. The image 7r*(f2(M)) of ti* is denoted by 
Qb(P) and its elements are called basic differential forms on P. A tangent 
vector to P is said to be vertical whenever its projection on T(M) via T{n) 
vanishes. To each leg corresponds a fundamental vector field on P which 
is vertical and which we also denote by X. The horizontal forms on P are 
the forms on P such that the inner derivations with the vertical vector fields 
vanish. Finally a form on P invariant by the action of the structure group 
is said to be invariant. Let ix denote the inner derivation of £l(P) by the 
fundamental vector field corresponding to X e g. Then one verifies that 
X i— > ix defines an operation of g in Q(P) and that the notions of basicity, 
horizontality and invariance for the elements of Q(P) correspond to the ones 



Lx(a) = ix{ot) = 



(2.8) 
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associated to this operation. 

It is worth noticing here that the notion of Cartan operation appears in some 
related example, for instance it plays a fundamental role in the computation 
of the local BRS cohomology of gauge theory, [21], [19], [22J. 



2.4 Algebraic connections for ^-operations 

In the sequel of this section we shall be concerned with operations of a Lie 
algebra g in graded differential algebras which are graded commutative, they 
will be refered to as g-operations. 

Given such an operation of a Lie algebra g in a graded commutative 
differential algebra Q an algebraic connection or simply a connection in Q is 
a linear mapping 

a : g* — n 1 (2.9) 
of the dual vector g* of g such that 

i x {a{9)) = 6{X) (2.10) 

and 

L x (a(6)) = a(6 oad(X)) (2.11) 

for any X e g and 6> e g*. 

By the universal property of the exterior algebra, a extends as an homo- 
morphism again denoted by 

a:AQ*^Q (2.12) 
of graded commutative algebras. 

In fact aq* is a graded differential algebra (endowed with the Koszul 
differential d) and the curvature of a is the linear mapping 

<p : g* — VI 2 (2.13) 

defined by 

<p(0) = (da - ad)(6) (2.14) 
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for any 6 e g*. Thus the curvature is the obstruction for a to be a homo- 
morphism of graded differential algebras. It follows from the definitions that 
one has 

ix(<p(6)) = (2.15) 

and 

L x (<p{e)) = tp{6oad{X)) (2.16) 

for any leg and e g*. 

Notice that to give a as above is the same as to give an element A of 
g (x) fi 1 such that 

ix(A) = X (2.17) 

and 

L x (A)=&d(X)A (2.18) 

where here %x is I g (g) ix, Lx is I g (x) Lx and ad(X) is ad(JT) (g) Jqi. The 
mapping a being then 6 ^> (6® Iqi)A. 

In the same veine, the curvature tp is the same as the element F of g (x) 
defined by 

F = (L4+ ihA,,4] (2.19) 

where d = I s ® d and [ , ] is the graded commutator in g (x) O, the mapping 
V9 being then 6 ^> (6 ® Isp)F. 

One has in view of (I2.15P and (I2.16P 

i x {F) = (2.20) 

and 

L x (F)=&d{X)F (2.21) 
for X s g with obvious notations. 

In the standard example of Section 2.3 where Q is the graded differential 
algebra of differential forms on a principal bundle P(M, G) with structure 
group G such that Lie(G) = g, an algebraic connection on Q is an ordinary 
principal bundle connection on P(M, G). 
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2.5 The Weil algebra of a Lie algebra 

Let g be a fixed Lie algebra and consider the operations of g with connections 
in graded commutative differential algebras. There is a straightforward no- 
tion of morphism for such objects and one gets the category of Q-operations 
with connections. A morphism is a homomorphism of graded differential al- 
gebras which intertwins the g-operations and which maps the connection on 
the connection. 

There is a universal initial object W(q) in this category which is called 
the Weil algebra of the Lie algebra g. As graded commutative algebra W(g) 
is the tensor product Ag*®^* of the exterior algebra Ag* of the dual vector 
space g* of g with the symmetric algebra Sq* where the degree 2n is given 
to the elements of S n g*. 

Let 8 be an element of g*, we denote by a(8) the element 0® 1 of M /1 (g) 
and by ip{6) the element 1® 8 of W 2 (g). It is clear that there is a unique 
differential on W(q) for which 

da{8) = a(d8) + <p(9) 

for any 8 e g*. In fact W(q) can be defined as well by a change of generators 
as the free graded commutative differential algebra generated by ct(g*) in 
degree 1 and by da(g*) in degree 2 which is a contractible algebra 

One defines then the operation X h-» i x of g in W(q) by defining ix to 
be the unique antiderivation of W(g) such that 

i x (a(8)) = 8(X) 

and 

for any 8 e g*, (X e g). One verifies that all the axioms for an operation of 
g in the graded differential algebra W(q) are satisfied and that a is then a 
connection with curvature ip in W(q). 

One passes to the notations A, F above by setting 
A= (I s ®a)(I 9 ) eg®V^(g) 
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where I s is the identity mapping I s of g onto itself considered as an element 
of g (x) g*. One has then 

F = dA + ±[A, A] = (I g ® p)(I g ) e g (x) M/ 2 ( ) 

for the curvature. 

By the very definition of W(g), its cohomology is trivial and one can 
show by introducing the appropriate contracting homotopy that its invariant 
cohomology is also trivial. The basic differential subalgebra Ws(g) of W(g) 
is given by 

W 2 B n (g) = l®l n (g) and W 2 B n+1 (g) = 

where l n (g) denotes the vector space of all ad-invariant homogeneous polyno- 
mials of degree n on g. It follows that Wb(&) coincides with its cohomology, 
that is with the basic cohomology H B (W(g)) of W(g). 

The definition of W(g) implies that, given an operation of g with con- 
nection in a graded commutative differential algebra Q, there is a unique 
homomorphism of graded differential algebras of W(g) into Q which is a 
morphism of g-operation with connection. It can be shown that this homo- 
morphism induces in basic cohomology an homomorphism which does not 
depend on the connection of Q but only depends on the operation of g in Q. 
This is the algebraic version of the Weil homomorphism. One recovers the 
familiar version by applying it to the standard example of Section 2.3, re- 
membering that the basic cohomology of the Weil algebra W(g) is isomorphic 
to the algebra 1(g) of all ad-invariant polynomials on g. Thus if P(M, G) 
is a principal bundle over M (the basis) with structure group G such that 
g = Lie(G), the Weil homomorphism is an algebra homomorphism from 1(g) 
into the de Rham cohomology H(M) of (the basis) M such that the image 
of l n (g) is contained in H 2n (M) for any neN. 

Let P 6 1(g) be an ad-invariant polynomial on g. Then l0Pe is 
closed and invariant (in fact basic) so in view of the triviality of the invariant 
cohomology of W(g), one has 1 (x) P = dQ with Q e Wj(g). Let 

P : W(g) - A * 

be the canonical projection. The image p(Q) is an invariant form in Ag* and 
it is not hard to show that it is independent of the choice of Q as above. The 
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corresponding linear mapping 

7 : AO) -* 

from X(g) into the space of invariant forms on g is the Cartan map. One has 

7 (X"(g)) c= a*»-V 

for any n ^ 1. 

3 Extension from $ to U(q) 

This section is devoted to the extension of an operation of a Lie algebra 
g in a graded differential algebra Q from the Lie algebra g to its universal 
enveloping algebra U(g). Needless to say our first goal in the sequel will be 
to state the axioms defining operations of Hopf algebras in graded differential 
algebras. 

3.1 From L x for X e g to Lh for h e U(g) 

We first extend the Lx {X e g). The linear mapping X i— > Lx is, in view 
of (12. 5p . a representation of the Lie algebra g in Q. It follows from the uni- 
versal defining property of U (g) that L extends uniquely as a representation 
h <—>■ Lh of the unital associative algebra U(q) in Q, i.e. here as a homo- 
morphism of U(q) into the algebra End°(n) of endomorphisms of degree 
of Q. This extension will be refered to as the canonical extension of L to U (g). 

Let us recall that U (g) is not only an algebra but that it is a Hopf algebra 
with unique coproduct A, counit e and antipode S such that 

AX = X 01 + 10X, e(X) = 0, S(X) = -X (3.1) 

for leg. 

Proposition 1. The canonical extension of L to U(q) has the following 
properties : 

(a) Lhd = dLh for any h e U(q) 

(b) Lh(t) = s(h)t for any h e U(q) where 1 is the unit ofQ, 

(c) L h (a/3) = 2i L w (a)L ( 2)(f3) for any h e U(q) with Ah = hf' ® hf 1 

i i 

and for any a,{3eQ. 
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Proof (a) is clear since Lj is the identity mapping of Q onto itself, the Lx 
commute with d for leg and since the unit 1 e U(g) and the X e g generate 
U(q). 

(b) follows from the fact that Lx-(l) = for X e g so Lh(t) =0 for 
h e Ker(e) and from Lj(l) = 1 (since Lj is the identity mapping of Q). 

(c) follows from the fact that it holds for h = l(e U(q)) and for 
h = X e q and that furthermore both h Lh and h Ah are multiplica- 
tive homomorphisms. □ 

Let us summarize the properties of the mapping h >-» L h . 

L h d = dL h , VheU{g) (3.2) 
L hlh2 , Vh^heUiQ) (3.3) 



^1 = In 



L h o m = m o (L(x) L) A h, VhEU(g) 



(3.4) 
(3.5) 



L h (l) = e(/i)l, VheUfa) (3.6) 

where is the identity mapping of f2 onto itself, m is the product of Q and 

the 1 are either the unit of U(g) or the one of Q. 

One also has the following identity which extends ( 12. 3 p 

ixL Yl ... Yn = J] Zj L ^---V[---M 1 L---^„- p ] ( 3 - 7 ) 

P (i,j)e(p,n—p) shuffles 

for X and the in g. By using the fact that one has 

A(yi,...y B )=2 2 ^...r^®^...^ (3.8) 

P (i,j)e(p,n— p)shufflcs 

one sees that ( 13. 7p implies the more general identity 

i x L h = J]L h mi ad(h w )x (3.9) 

i 
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for any h e U(g) with Ah = J]. ^ (x) /ij 2 ^ and any X e g. In the above, the 
right adjoint action ad is defined by 

&d(h)g = J]S(h ( ? ) )ghf ) (3.10) 

i 

for any g, h e U(g) with Ah = ^ (x) and one has 

ad(h)g c g (3-11) 
for any he U(q), (stability of primitive elements). 

3.2 Multiplicative constraints for the extension of i 

In the sequel of this section, we wish to extend X % x as a linear mapping 
h >—>■ ih of U(g) into End(fi). In this subsection we discuss the consequences 
of the following natural constraints required on the ih 

1Xi...X k _ 1 X k X k+1 X k+2 ...X n 1Xi...X k _ 1 X k+1 X k X k+2 ...X„ 1-Xi...X k _ 1 [X k ,X k+1 ]X k+2 ...X n 

(3.12) 

for Xi s q,0 ^ k ^ n — 1 and n ^ 2. These constraints will be refered to as 
the multiplicative constraints for z. Since the ix for leg are of degree -1, 
the consistency with (I3.12p requires that the ih are also of degree -1 for any 
he U(q). Thus we impose that 

4e End -1 ^) (3.13) 

for any he U(q) and for i j (i.e. for h = 1) we impose that 

i t = (3.14) 

which is the only natural possibility. 

Let us try to solve (13.121) by induction on n starting from the original ix for 
X e q. Assume that we know the n-linear mappings (Xi, . . . , X n ) »-> ix t ...x n 
of g into End _1 (f2) for 1 < n < N, the arbitrariness of (Xi, . . . , X^) >— ► 
ix\...x N satisfying (I3.12p is the addition of a completely symmetric iV-linear 
mapping (X l ,...,X N ) S x?,...,x N of into End _1 (fi), i.e. 

EEnd- 1 (ty®S N g*. 
Thus the arbitrariness of the solution of the multiplicative constraints (13.121) 
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starting with %x for X e q is a sequence (S 1 ^)™^ of symmetric multilinear 
(n-linear for S^ 1 ') mappings of Q into End -1 (f2). 

On the other hand, the existence of a solution of (13.121) is straightforward by 
chosing an ordered basis (e M ) of g since then one can prescribe arbitrarily the 
ie n ...e lin for fii > // 2 > ■ ■ ■ > and n > 2, the permuted i e ...e M<r(ri) being 
then inductively defined by (I3.12p . 

3.3 Differential constraints 

By definition one has Lx = dix + ixd for leg. For n = 2 equation (I3.12p 
reads 

ix x x 2 ~ ix 2 X! = ^[Xi,x 2 ]i X lt I 2 £ 
so that by taking the anticommutator with d on both sides one obtains 

(di Xl x 2 + ixiX 2 d) - (di X2 Xi + ix 2 Xid) = di [Xl ,x 2 ] + i[x u x 2 ]d 

= L[ Xl ,x 2 ] = Lx 1 x 2 — Lx 2 x x 

which implies 

LxxX 2 = di Xl x 2 + ix x x 2 d + S XlX2 
with s ' Xl ,x 2 = s 'x 2 ,x 2 and dS ' Xl ,x 2 = s ' Xl ,x 2 d- 

If S' XiX2 = dS XlX , 2 + Sx lt x 2 d with Sx 1 x 2 = <5x 2 Xi one can absorb it by a 
redefinition of ix 1 x 2 as in §3.2. On the other hand if the homology of Q is 
trivial in degre zero then one can take S' XlX2 of this form. All this suggests 
that one can impose L Xl x 2 = dix 1 x 2 + ix!X 2 d. More generally if L Xl ^ Xn l = 
dixi...x n -! + ix 1 ...x n - 1 d for X, e q, then by taking the anticommutator with 
d on both sides of (I3.12p one obtains 

Lx Y ...x n = di Xl ...x„ + ix 1 ...x n d + S' Xi _ Xn 

where S' Xl x is completely symmetric in the and commutes with d. If 
^Xi,...,x„ = dSx x ,...,x n + Sx 1 ,...,x n d, with Sx-i...x n completely symmetric in the 
Xk, then it can be absorbed by a redefinition of ix 1 ...x„, etc. so that it is 
natural to impose 

Lx!...x n = di Xl ...x n + ix!...x n d 
for Xi e q and n ^ 1, which means 

Lh = dih + ihd, V/i e Ker(e) 
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and finally 

L h = di h + i h d + e(h)Iu (3.15) 

for any h e U(g) where Iq is the identity mapping of Q onto itself. In the 
following to simplify the notations, we shall write Bh to denote the multipli- 
cation by e(h) e IK when no confusion arises. So here we write 

L h = di h + i h d + e h (3.16) 

for (I3.15p . Vh e £7(21). These conditions ( 13 . 16[) will be refered to as the 
differential constraints for i. 



3.4 Extension of the Cartan relation 

Equation (I3.9P which extends the Cartan relation f 12 . 3 j) suggest to impose 
more generally 

h L h =Tl L h^ i a d(h^)g ( 3 - 17 ) 

i 

for any g,h e U(g) with Ah = Yji^P ® where ad denotes the right 
adjoint action defined by Equation ( 13 .10)) . By using the general axiom for 
the antipode and the coassociativity of the coproduct, one shows easily that 
Equation (13. IT)) is equivalent to 

Zj L S(h[ 1 V^-kftf ) = *ad(h) fl (3-18) 

i 

for any g,h e U(g) with Ah = Xii^i^ ® ^-i' 2 ''- This last equation can be 
interpreted as (right) ad equivariance of g i— > i g . 

Notice, as a further partial justification of ( I3.17p . that Equation ( 13 .16)) 
together with Equation ( 13 . 1 Tj) imply 

L g L h = Xi L ^ 1)L ad(hf ) 9 ( 3 - 19 ) 

i 

and that this relation ( 13 . 19)) is also implied by (13. 3j) . that is by L g Lh = L g h 
for any g,he U(g), together with the usual axiom for the antipode S. 

The following remarks are in order. 
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Remarks 

1. The Cartan relation (12 .3p extends as well as 

L h i x =Yj i *#{h < p)x L hf ) 

i 

for X e g and he U(g) with Ah = ^ ft,^ (x) /i^ where the left adjoint 
action ad' is defined by 

ad'(% = £/4V(/4 2) ) (3-20) 
for g s U(g). So we could as well impose 

i 

which implies 

L h L 3 = J] L a A\h ( p)g L hf> ( 3 - 22 ) 

instead of (I3.19p . Furthermore f !3.22j) is also implied by (13. 3p . 

2. In the case of the Hopf algebra U (g), one has S 2 = I and U(g) is gener- 
ated by g so in this case one can expect that ( 13.191) and ( 13.221) are both 
equivalent to ( 13.31) but this is certainly not the case for an arbitrary 
Hopf algebra TL. 

With these remarks in mind, we adopt ( 13.171) and (I3.16P for the extension 
to U (g) of the operation of g in fl. 

3.5 Extension of the antiderivation property of ix 

It remains to generalize from X e g to g e U(g) the antiderivation property 
of ix- For this we impose 

i a {aP) = Vz (i) (a)L (2){p) + (-l) a m g ((3) (3.23) 

i 

for g e U (g) with Ag = ^ 9i ®9f\ a e £l a and f3 sVt. This can be written 

as 

i g om = mo(i®L + E® i) Ag (3.24) 
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where m is the product of Q, (remembering that is the multiplication by 
s(h) in for he U(q)). 

To justify this choice, we notice the following : 

1. By using it with (13.161) one obtains L g (a(3) = ^ L (i)(a)L (2)(/3) which 
is Property (c) of Proposition [TJ 

2. One has i g ((a(3)^) = i g (a(f3^)) for any a, /3, 76 Q, (i.e. compatibility 
with the associativity of the product of Q). 

3. For leg, (I3.23P reduces to the antiderivation property of ix- 

It is worth noticing here that there is another choice satisfying Properties 1, 
2, 3 above which reads 

i g (aP) = t g (a)/3 + V(-l) a L w (a)i (3.25) 

i 

and that, under (13.161) . these are essentially the unique choices. 

The choice of (13.231) together with (13.171) is coherent and dictated by the 
fact that the classical situation of a principal bundle corresponds to a right 
action. 

4 Operations of Hopf algebras 

We are now ready to define, more generally, operations of Hopf algebras in 
graded differential algebras. 

4.1 Definition 

Let "H be a Hopf algebra with coproduct A, counit e and antipode 5* and let 
Q be a graded differential algebra with differential d. 

An operation of the Hopf algebra % in the graded differential algebra Q is a 
linear mapping h >-> ih. of H into the vector space End -1 (f2) of homogeneous 
linear endomorphisms of degree -1 of Q satisfying 

h = 
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and such that by setting for h e % 

L h = di h + i h d + e(h)I Q (4.2) 

where Iq is the identity mapping of Q, one has for any h e H with Ah = 

i A (a/3) = V i (i) ( 2) (/?) + (-l)°ai fc (/3) (4.3) 
for a 6 f2 a , /JeO and 

igL h =Y l L h mi adQi p ))g (4.4) 

i 

for g eH, where the right adjoint action ad is defined (as before) by 

ad(% = J] Sih®) ghf (4.5) 

i 

for g,h e H (with Ah as above) and 

L h L g = L hg (4.6) 

for h,g <= H. 

By using the associativity of A the definitions of the counit e and of the 
antipode S, one verifies that Equation ( 14. 4 p is equivalent to 

Yj L S{h^ ) ) i 9 L hf ) = l ^ h )9 ( 4 - 7 ) 
i 

which implies by using (14. 2p that 

Li L S(hf ) ) L 9 L hf = L *d(h)g (4-8) 
i 

for any g,h e H with Ah = ^ /i^ ® /if^- 

One sees that Equation (14. 8 p is also implied by the axiom (14.6]) . 
Equations (14. 7p and (14. 8 p mean the ad-equivariance of the mappings h ^ i h 
and /i i— ► L/j. 
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From ( 14. 2 p and (14. ip it follows that one has 

L t = In (4.9) 

and 

L h {t) = e{h)t (4.10) 
where in (14 .9p 1 is the unit of H while in (I4.10p 11 is the unit of Q. 

From (14. 2 p and (14. 3 p it follows that one has 

L h (a[3) = Y,L hW (a)L h(2) ((3) (4.11) 



for h e U with Ah = ^ hy> <g> hf and a, /? e Q. 
Finally 

L h d = dL h (4.12) 

follows from (14. 2p . 

We shall set in the following as in the last section 

e h = e{h)I n (4.13) 
for hsT-L'm order to simplify the notations. 

4.2 Invariance, horizontality and basicity 

Given an operation of H in Q as in 4.1, an element a of Q will be said to be 
invariant if one has 

L h (a) = e(h)a (4.14) 
for any h e H, a will be said to be horizontal if one has 

ih(ct) = (4.15) 

for any h e H and a will be said to be basic if it is both invariant and 
horizontal that is if one has 

L h (a) = s(h)a 
i h {a) = 
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for any h e %. 



It follows from (14. 2 p and (14. lip that the set flj of all invariant elements 
of Q is a graded differential subalgebra of Q, it follows from (14. 3[) and (14. 4p 
that the set fin of all horizontal elements of Q is a graded subalgebra of Q 
which is stable by the Lh for h e H and it follows from ( 14 .2p again that the 
set Qb — n &>h of all basic elements is a graded differential subalgebra of 
Qi and therefore also of Q. The cohomology Hj(Q) of Qj will be refered to 
as the invariant cohomology of Q while the cohomology Hb(Q) of Qb will be 
refered to as the basic cohomology of Q for the operation of H. in Q. 

4.3 Operations of the Lie algebra g and of the Hopf 
algebra U(q) 

Let q be a Lie algebra and let h i— ► ih be an operation of the Hopf algebra 
[7(g) in the graded differential algebra Q. It is clear that by restriction to 
g c [/(g) one obtains an operation X >-> i x of the Lie algebra q in the graded 
differential algebra Q, (in the sense of §2.1). For the converse, one has the 
following result. 

Proposition 2. Let Q be a graded differential algebra. Assume that Q is 
generated in degree as graded differential algebra, that is that the smallest 
graded differential subalgebra of Q which contains Q° is Q itself. Then an 
operation of the Lie algebra q in Q has a unique extension as an operation 
of the Hopf algebra U (q) in q. 

Proof . Any element of Q is a linear combination of terms of the form 

oc q d/^jc \ ' ' ' dx 

with x a e Q°. Let h >— > % h be an operation of U(q) in Q. One has 

ih(x dxi . . . dx n ) = x ih(dxi . . . dx n ) 

and ih{dx a ) = Lh(x a ) — e{h)x a . It follows that the operation is completely 
specified by the Lh in view of (14. 3p . On the other hand Lh is completely 
specified by the L x for X e q in view of ( 14 .6p since g generates U(q). Thus, 
starting from the %x with X e g one constructs the L^ for h e U(q) and the 
ih for h e U(g) by using the above formulae. □ 

Remarks 
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1. Under the conditions of Proposition [2J the notions of invariance, hori- 
zontally and basicity are the same for the operation of the Lie algebra 
g and for the operation of the Hopf algebra U (g) . 

2. If Q is the algebra of smooth differential forms on a smooth manifold, 
it satisfies the condition of Proposition [2j This is also the case if Q 
is a quotient of the universal differential calculus over an associative 
algebra, [TO], [21], (see also in [21]). 

This is however not the case for Q = Ag* or, more generally for the 
graded differential algebras associated by Koszul duality to the Lie 
prealgebras, |23j. Indeed these later graded differential algebras are 
generated in degree 1. 

4.4 The category of ^-operations 

In this subsection, % is a fixed Hopf algebra and we introduce a notion of 
morphism for operations of H in graded differential algebras. Operations of 
"H in graded differential algebras will be also refered to as H- operations. 

Given an operation i of % in Q and an operation i' of H in Q', a morphism 
ofH-operation from (i, Q) to (i' , Q') is a homomorphism / : Q — * Q' of graded 
differential algebra which satisfies 

f(i h (u)) = W(u)) 

for any h e H and u s Q. 

The ^-operations and their morphisms form a category which will be 
refered to as the category of H-operations. 

4.5 The Hopf superalgebra formulation 

Let % be a Hopf algebra. Then a H-algebra is an algebra A endowed with 
an action H (x) A — > A of H, h® a *—>■ ha satisfying 

h(ga) = {hg)a, Vh,geH t as A (4.17) 

and _ 

h(ab) = Yjyh^a^hfh), VheH, a,beA (4.18) 
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with Ah = ^ hf ] <g> hf ] ; [IB], [15]. 

There is an obvious graded (super) version of the above notion : Let Ti 
be a Z-graded (super) Hopf algebra, then a graded Ti-algebra is a Z-graded 
algebra A with a homogeneous action Ti ® A — > A satisfying (14.171) and 
(I4.18p . Notice that the term "super" is not necessary since we use here the 
Koszul sign convention. 

Let Ti be an ordinary (non graded) Hopf algebra. To Ti one associates 
a Z-graded Hopf algebra Ti in the following manner. In degree 1, Ti\ is 
1-dimensional generated by an element 5 with 

5 2 = 0, A5 = 5(8)1 + 1(8)5, e(<y) = 0, S(5) = -5 

where A is the coproduct, e is the counit and S is the antipode of Ti. In 
degree 0, Tio is isomorphic to Ti as Hopf algebra and we denote by 

A-.n^Ho, h h+ A h 

the corresponding isomorphism. The relations with 5 are 

[S,A h ] = 

for h s Ti. In degree -1, "H_i is isomorphic as vector space to the quotient 
Ti/Wi and we denote by 

y.H^> T-L-i, h^y h 

the corresponding linear mapping which vanishes on 1 e Ti (i.e. yj = 0). 
The relations, the coproduct and the antipode of y^ are given by 



y g A h = YtiKwV^ih^g 

[6,y h ] = A h -e{h)l 

&y h = Jji V h w <8> A (2 ) + 1 <g> y h 

i i 



5(^ 2) ) 

for g,h e Ti with A/t = ^ ® hi while one has e(y^) = 0. The graded 
Hopf algebra Ti is generated by Ti\ ®Tio ®Ti-\ and there are no other rela- 
tions in Ti. 
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Let us consider an operation of H in a graded differenial algebra (O, d). 
Then S >-> d, A h >-> L h and y h i— ► i h define a structure of graded 'H-algebra 
on Q. It is clear that this correspondence allows to identify the notion of 
"H-operation with the notion of positively graded "H-algebra. 

This is the counterpart in our noncommutative context of the classical 
graded Lie superalgebra formulation of the operations of Lie algebras |34J, 

[26], m- 

To conclude this Section 4, we notice that the analogues of the classical 
standard example of §2.3 are the appropriate differential calculi over the 
noncommutative principal bundles. Among these noncommutative principal 
bundles, let us mention the principal bundles in [32] on the noncommutative 
manifolds of [13], [12]: in particular the SU{2) principal bundle [31] over 
a noncommutative 4-sphere. The S , t/ g (2)-principal bundle over a quantum 
4-sphere in [4] uses in a crucial way the covariant calculi of [37], [38] and 
generalizes the [/(l)-fibration [5], [5] over the quantum 2-sphere. It is also 
worth noticing here that the theory of Hopf-Galois extensions includes a 
general formulation of noncommutative principal bundles, see e.g. [35] and 
references therein. 

5 Theory of connections 

In this section we introduce and study a noncommutative generalization of 
the theory of algebraic connections on the operations of Lie algebra [8], [25J. 

5.1 The graded differential algebra C{7i) 

Although in the sequel "H is a Hopf algebra, in this subsection only its alge- 
bra structure is involved. At the end of this subsection the augmentation e 
(counits) of Ti. will also play a role. 

Let C("H) = ® n C n (H) be the graded algebra of multilinear forms on H, 
that is one has 

C n (U) = (H®")* 
and the product is the tensor product of multilinear forms. 
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The product fi : H ® V. — > 7i of % induces by transposition the linear 
mapping 

// : n* (H®H)* 

so — fi 1 (the minus sign is here to match the usual convention) is a linear 
mapping of C l (H) into C 2 ("H) which has an extension 

d : C{U) - C(7£) 

as an antiderivation of degree 1 of C(T-L) given by 

d (^)(h ,hi,...,h n ) = Yj (-l) fc ^(^o,---,^fc-2,/ifc-i/ifc,^fc+i,---,^n) 

(5.1) 

for \I/ e C n (H) and h , . . . ,h n e W. The associativity of the product of % is 
equivalent to 

d 2 = (5.2) 
so that (C(H),d ) is a graded differential algebra. 

Proposition 3. The cohomology H(C(H),do) of (C(H),do) is trivial, that 
is one has 

H°(C(U),d ) = K and H n (C(n),d ) = 

for n ^ 1 . 

Proof . H°(C(U),d ) = K is obvious since C°(H) = Kl. If * 6 C n (H) with 
n ^ 1, one has by setting for hi s H 

K{^){h 1 ,...,h n - 1 ) = • • • ,^n-i) 

the identity 

(dK + K<t)(V) = * 
which implies H n (C(H), d ) = for n ^ 1. □ 

The construction of the graded differential algebra (C(H),d ) works as 
well for any unital associative algebra and the above result is valid (and clas- 
sical) in this context (it is dual to the acyclic bar complex, see e.g.[3"3]). 
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The counit e gives a structure of H-bimodule to the ground field K, this 
"H-bimodule will be refered to as the trivial bimodule K. Thus C("H) is also 
the space of Hochschild cochains of H with coefficients in the trivial bimodule 
K. The corresponding Hochschild differential d reads 

du = d u + eu + (-1)"'+W (5.3) 

for u e C n (U). 

In contrast to the cohomology of C(H) for d (see Proposition [3]), the 
cohomology of d is nontrivial in general. For instance in the case H = 
U(g), it coincides with the cohomology of the Lie algebra g. Thus, from this 
point of view C(H) equipped with the differential d is the analogue of aq* 
equipped with the Koszul differential. In the following C(H) endowed with 
the differential d will be refered to as the graded differential algebra C(T-L). 

5.2 The operation of H in C{H) 

One defines an operation of the Hopf algebra % in the graded differential 
algebra C(H) in the following manner. Let ^ e C n ("H) be a n-linear form on 
H and let us define i h (tf) 6 C n - l (U) lor he M by 

ift(*)(0L, • • -,9n-l) = 

n-2 

2 (-If 2 9(gi, ^ - e(^)l, ad(/4 p % +1 , . . . , ad^K-O 

p=0 i p 

+ (-l)"- 1 ^(( 7l ,..., <7n-i, /i -e(fc)l) 

(5.4) 

for jj.eH, where we have set 

(A ® If -^ 2 ) ... (A (x) = J] /£> ® h% <g> • • • ® (5.5) 

for the iterated coproducts (which occur of course only for n>2). 

One verifies that this defines a H-operation and that = dih + ihd + £/, 
is given by 
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L h mg u ... 1 g n ) = ^^d(h^)g 1 ,... 



ad(/CK) 



(5.6) 



with obvious notations. 
One verifies that one has 



i h d + di h = i h d + d i h 



(5.7) 



which implies that h ih is also an operation of H in the graded differential 
algebra (C(H),d ). Concerning the invariant cohomology of (C(H),d ) one 
has the following result. 

Proposition 4. The invariant cohomology Hi(C(H),do) of (C(H),do) is 
trivial, that is one has 



for n ^ 1 . 

Proof . The contracting homotopy K used in the proof of Proposition [3] com- 
mutes with the Lh given by (15.61) which implies the result. □ 

Note that the extra term Eh in Lh which is independent of ih plays no 
role here, (in fact Lj = Ic(H))- 

5.3 Algebraic connections 

Let % be a Hopf algebra, Q be a graded differential and assume that one has 
an operation h <—* ih of H in Q, (i.e. that (z,fi) is a K-operation). 

An algebraic connection on the H-operation (i, Q) or simply a connection 
on (i, Q) is a homomorphism of graded algebras 




(C(U),d ) = K and H r ;(C(U),d ) = 



a : C(H) — H 



(5.8) 



such that 




(5.9) 



and 




(5.10) 
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for any \1/ e C(H), which implies 

•fc(«W)=^(A)-EW(l) (5-11) 

and 

L h {a{$)) = o ad(/i)) (5.12) 

for any h e H and ■0 e 

The curvature of a is the homogeneous linear mapping of degree 1 

ip ■. c(H) -> n 

defined by 

= (dot- ad)(*) (5.13) 

for any \& e C(H). As in the classical theory, the curvature is the obstruction 
for a to be a homomorphism of graded differential algebras. This implies that 

iaMVO) = ( 5 - 14 ) 

and 

L^(VO) = ^oad(/i)) (5.15) 
for any he TL and ?/> e and more generally 

i h {^)) = -<p{i h {*)) (5.16) 

and 

L h (<p(*)) = <p{L h (*)) (5.17) 
for any \& e C("H), together with 

p(l) = (5.18) 

that is <p(C°(H)) = 0. Furthermore (15. 13j) implies also that 

y?($^) = p($)a(tf) + (-l) / a($)(^(^) (5.19) 

for $ e C-'('H), \I> e C(Ji) and that one has the following version of Bianchi 
identity 

d(p(tf)) = (5.20) 

for any * e C(H). 

Notice that a induces a structure of C(H)-bimodule on Q and that then 
(I5.19P means that <p is an antiderivation of C(T-L) into Q, (see in §6.2). 
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Remark. 



1. The minus sign in front of the right-hand side of (I5.16P and (I5.20p are 
connected with the Koszul convention for composition of homogeneous 
linear mappings between graded vector spaces. 

2. Once the Koszul convention is adopted all relations (15. 9p . (j5.10p . (I5.16p . 
(I5.17P appear as "commutation properties" and, by an obvious abuse 
of notations and by using corresponding graded commutators, can be 
written as 

[a,i h ] = 0, [a,L h ]=0, [ip,i h ] = 0, [<p, L h ] = 

respectively while ( I5.13P and (I5.20p can be written respectively 

ip = [d,a], [d,ip]=0 

with the same convention. 

One verifies that the identity mapping I cm.) of C(H) onto itself is a 
connection ac on the 'H-operation C(H) defined in the last section and that 
this connection is Bat, that is has a vanishing curvature {ipc = 0). This 
connection will be refered to as the canonical flat connection of C(T-L). It is 
worth noticing here that in the case H = U(q) where q is the Lie algebra of 
a Lie group G, q = Lie(G), the Maurer-Cartan equation on G relies directly 
to the flatness of this connection on C(H). 

5.4 The case dim(%) < go and the case dim(g) = go 

If dim('H) < oo, then C{J€) is the tensor algebra T(W*) and a connection a is 
completely specified by its restriction to T-L*. Thus in this connection 
is simply a linear mapping 

a-.U* ^Q} (5.21) 

satisfying (l5TTTj) and (l5TT2"j) . 

Since in this case one has the isomorphism 

HomCft*,^ 1 ) ^H^n 1 
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of vector spaces, one can also say that a connection on the operation of H in 
Q is an element A of degree 1 of % ® fl, that is 

AeH^Q 1 (5.22) 

such that 

i h {A) = h-e{h)t (5.23) 

and 

L h (A) = ad{h)A (5.24) 

for any h e H. 

Given such a connection A, its curvature F = F(A) is the element 

F = dA + A 2 (5.25) 
of H ® Q 2 corresponding to (p e Hom("H*, Q 2 ). 

The curvature F of A satisfies 

i h {F) = (5.26) 

and 

L h (F) = ad{h)F (5.27) 

for any h e T-L. This can be checked directly by using (15.25 p . f )5.23p . f )5.24p 
and the definition of ^-operations. Applying d to ( I5.25P implies 

dF + AF — FA = (5.28) 

which is the Bianchi identity in the present context. 

One sees that the case where dim(H) < go looks formally close to the 
classical theory summarized in Section 2. However, it is worth noticing here 
that in Section 2 as well as in the original references [7] and [S] , it is implicitely 
assumed that the Lie algebra g is finite-dimensional. If one wants to extend 
the classical theory (where all graded algebras are graded commutative) to 
the case where dim(g) = go, then one must change accordingly the definition 
of algebraic connections. Indeed, the transposed of the Lie bracket is now a 
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linear mapping of g* into the space C\ (g) of antisymmetric bilinear forms on 
g and therefore one has to replace Ag* by the graded commutative algebra 

where C™(g) is the vector space of completely antisymmetric n-linear forms 
on g and one endows C A (g) with the Chevalley-Eilenberg differential d of 
cochains on g with values in the trivial representation (in K). Then, given 
an operation % of g in the graded commutative differential algebra Q = (& n Q n , 
an algebraic connection on Q should be defined as a homomorphism of graded 
commutative algebras 

a ■ C a (q) — Q 

satisfying conditions similar to ( 15. 9 p and (I5.10P with curvature <p again de- 
fined by 

(f = doa — aod 

with obvious notations, etc. 

Thus for dim(g) = go, all definitions and formulas look completely similar 
to the one of §5.3, except that we are in a graded commutative context with 
the classical notion of operation of the Lie algebra g. 

The definition of the Weil algebra W(q) of an infinite-dimensional Lie 
algebra g must be modified accordingly and looks then closer to the definition 
of the Weil algebra W(T-L) of a Hopf algebra "H defined in Section 6. 

5.5 The affine space of connections on a ^/-operation 

In the case dim(H) < go, it is clear that the set of all connections on a %- 
operation (i, Q) is an affine space. This is for instance obvious by using the 
formulation of the last section based on (I5.22p . (I5.23p . (I5.24p . 

This comes from the fact that for dim(H) < go, one has T(H*) = C(H) 
and that, in view of the universal property of the tensor algebra T("H*), 

a i— ► a \%* 

is a bijection of the set of homomorphisms of graded algebras 

a : T(H*) n 
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onto the set Hom('H*, fi 1 ) of linear mapping of %* into Q 1 . Since Hom('H*, fi 1 ) 
is a vector space this implies that there is a natural structure of vector space 
on the set of homomorphisms of graded algebras of C(Ji) into a given graded 
algebra Q whenever % is finite-dimensional. 

In general one has the inclusion 

T{U*) c C(U) 

of T(H*) as graded subalgebra of C{%) and this inclusion is a strict one if 
dim(%) = oo. Thus T(H*) = C(H) is equivalent to dim(H) < oo. 

Nevertheless let us show that there is always a natural structure of vector 
space on the set of homomorphisms of graded algebras a : C(H) — > VL of 
C('H) into a given graded algebra Q. To understand what is involved here, 
let us analyse degree by degree the arbitrariness of such a homomorphism a. 

In degree 0, there is no arbitrariness since a must be unital and C°{%) = 
Kl. Thus the arbitrariness is contained in 

a + : C + (H) - Q + 

where C + {Wj = ®n^\C n {T-L) and f2 + = nS!l f2 n . In degree 1, a\ is an ar- 
bitrary linear mapping of H* = C l (H) into ft 1 . In degree 2, a 2 is fixed on 
(C 1 (?^)) 2 c C 2 (%) in terms of «i by the homomorphism property but re- 
mains arbitrary on a supplementary V 2 {U) C 2 (H) / (C 1 (H)) 2 to (^(H)) 2 
in C 2 {W). More generally consider the quotient 

= c+(^)/(c + (H)) 2 

of C+(ft) by (C+(ft)) 2 . The product of C + {U) induces the trivial zero 
product on V(H) which is now just a graded vector space. By chosing a 
supplementary of (C + (H)) 2 in C + (H), one sees that the arbitrariness in the 
definition of a homomorphism a of graded algebras of C(H) into Q is just a 
homogeneous linear mapping 

a : — n 

of degree 0, (V(li) = ® n ^iV n (H))- The set of these linear mappings a is a 
vector space. Notice that a.\ = a.\ since V l {K) = C l {l-C) and that V n {H) = 
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for n ^ 2 whenever dim(%) < oo. 

In order that a be a connection it should satisfy (15.91) which is inhomo- 
geneous in terms of a (see (15.111) ) but becomes homogeneous in a — a' for 
two connections a and a'. The other condition (I5.10p being homogeneous, 
one sees that the connections form an affine space. 

6 The universal ^-operation with connection 

In this section % is a fixed Hopf algebra and we define a noncommutative 
version of the Weil algebra, the Weil algebra W(T-L) of the Hopf algebra %. 

6.1 The category of ^-operations with connections 

Let / be a morphism of "H-operation from (z, Q) to (i' , Q') and let 

a : C(H) -> tt 

be a connection on (i, Q), then the image / o a of a by / 

/ o a : C(ft) — fi' 
is a connection on (i', Q') which will be denoted by f(a). 

A H-operation with connection (i, ft, a) is an H-operation (i, Q) equipped 
with a connection a. Given two "H-operations with connections (i, Q, a) 
and (i',Q',a'), a morphism of H-operation with connection from (i,Q,o) to 
(i',Q',a') is a morphism of H-operation / from (i, Q) to (i',fi') such that 
a' = f(a). This defines the category of %-operations with connections. 

It turns out that this category of %-operations with connections has a 
universal initial object W{T-L) which is the appropriate generalization of the 
Weil algebra in our context and which will be described in this section. 

We first describe in the next subsection the construction of the universal 
differential calculus over a graded algebra. 
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6.2 Differential envelopes of graded algebras 

Let A = ® n A n be a graded algebra (N-graded, unital, associative) with 
product 

(x, y) i—> m(x ®y) = xy 

for x,y e A. Let M. be a .A-bimodule, an antiderivation of A into A4 is a 
linear mapping 

such that one has 

5(a6) = S(a)b+ (-l) r a5(b) (6.1) 
for ae/ and be A. Following [T7] let us define the twisted product 

H : A® A -> .A 

on A by setting 

^{a®b) = (-l) s a6 (6.2) 

for ae^l and 6 e .4 s . There is a structure of 4,-bimodule on ^l®-4 given by 
setting 

x(a ®b) = xa®b, (a ® 6)y = a® by 

for x,y,a,b s A and the kernel J of /x is a sub-bimodule of A® A. One verifies 
that one defines an antiderivation d : A — > J of A. into the 4-bimodule J by 
setting 

d(ar) = l(8)x- (-l) n £(g) 1 (6.3) 

for x e A 11 . This antiderivation d : A — > J is characterized (up to isomor- 
phisms) by the following universal property. 

Proposition 5. Assume that 5 : A ^ M. is an antiderivation of A into 
an A-bimodule A4. Then there is a unique homomorphism of A-bimodules 
is '■ J —*■ M. of J into Ai such that 5 = is ° d. 

Thus this construction of [T7| gives the counterpart for ant ideri vat ions 
of the classical construction [9] of the universal derivations (see also [3]), 
furthermore the proof of Proposition [5] is the same as the proof of the corre- 
sponding proposition for derivations in [9], [3]. A key remark for the proof is 
that as left 4.-module, one has the isomorphisms 

J AdA A® dA A® (A/Kt) 
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while the right ^4-module structure is obtained from above by using the 
graded Leibniz rule (16. ip . 

The above results apply as well for Z-graded or Z2-graded algebras, in 
fact the paper [17] is written in the Z^-graded context. Nevertheless for the 
following A is assumed to be N-graded. 

We now introduce a graduation on J a A (x) A by setting J = ® n ^oJ n+1 
with 

J n+l ^®r + s=nA r ®A S 

for n e N. Endowed with this graduation J becomes a graded ^l-bimodule 
which will be denoted by Q gr (A). Thus 

d:A^Sl gr {A) 

is then a graded derivation of degree 1 of A into VL gr {A). Note that the kernel 
of d is Kl so that 

dA (-4/Kl) ,+1 

i.e. dA is A/Kl with a shift +1 in graduation so fijp.(A) - A® (A/K1) ,+1 . 

Let us now define the graded algebra fl gr (A) = ® n Q gr (A) to be the tensor 
algebra over A of the bimodule Q^ r (A) endowed with the unique graduation 
which induces on A = Q® r (A) and on fl^i^A) their original graduation. 

The graded derivation d of A into Qg r (A) has a unique extension as a 
differential on Q gr (A), graded derivation of degree 1 of Q gr (A), again 

denoted by d, satisfying d 2 = 0. Endowed with this differential, Q gr (A) is 
a graded differential algebra which is characterized, up to an isomorphism, 
by the following universal property which is a graded counterpart of the 
universal property of the usual universal differential calculus Q(A) over a 
non graded algebra A [10], p], [27], [28]. 

Theorem 6. Any homomorphism of graded algebras 

a: A^Vl 

of A into a graded differential algebra Q has a unique extension as homo- 
morphism 

Qg r (a) : flg r (A) — » Q 
of graded differential algebras. 
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The proof is completely similar to the proof of the "ungraded counter- 
part". Notice that this theorem gives a great flexibility for its applications 
in the graded algebra context (in the above sense). 

In spite of the fact that its proof is easy this result is new to our knowledge. 

6.3 The graded differential algebra W(H) 

Let (i,Q,a) be a H-operation with connection. Since then a is in particular 
a homomorphism of graded algebra of C(H) into Q, it is natural to introduce 
the graded differential algebra 

w{h) = n gr (c(n)) (6.4) 

with the notations of the last subsection. 

Theorem [6] and (j6.4p have the following corollary. 

Corollary 7. Let (i, Q, a) be a H-operation with connection, then 

a : C(H) -» tt 

has a unique extension 

W(a) : W{H) -» Q, 
as homomorphism of graded differential algebras. 

6.4 The %-operation with connection W{%) 

Let us denote by 

a w : C(H) - W(H) 
the canonical injection of C(H) into W(H) as graded subalgebra and by 

(fw = do a w — a w o d : C(H) — > W(H) 

the corresponding obstruction for aw to be a homomorphism of graded dif- 
ferential algebra. The homogeneous linear mapping tp w satisfied the relations 

(EHHD, flEEfl and that is ip w {t) = o 

(p w (®y) = + (-1)W(*)^(*) 

and 

for $ e (H), e C(H). 
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Proposition 8. There is a unique operation h <-*■ ih of the Hopf algebra 7i in 
the graded differential algebra W(7L) for which ay/ is an algebraic connection 

Proof . In view of the definitions of Subsection 5.3, if ay/ is a connection, its 
curvature is given by ipw- Thus one should have 

i h (a w (V)) = a w (i h (V)) 

and 

for h e H, e C{7i). This fixes the i h on a w {C{U)) =* C(H) and on 
<Pw(C(H)). One verifies that the relations [a^j-^/i] = and [(fw,Lf^\ = 
are satisfied and then the relation (14.31) fixes ih on W(7i). One then verifies 
that so defined h <—> ih is an operation of 71 in W(T-L). □ 

By combining Corollary [7] and Proposition [8] one arrives at the following 
theorem. 

Theorem 9. Let Q be a H-operation with connection, then there is a unique 
morphism of "H- operation with connection from W(H) to Q. 

In other words W(H) is a universal initial object in the category of 71- 
operations with connections. As such it is unique up to isomorphism. 

The graded differential algebra W(7i) endowed with the structure de- 
scribed above will be refered to as the Weil algebra of the Hopf algebra 7i. 

It is clear that W(7i) plays in the present setting the same role as the 
Weil algebra W(q) of the Lie algebra q in the classical theory and it is worth 
noticing here that the role of aq* in the classical theory is played in our 
noncommutative framework by C(H). 

One has canonically 

W(U) =C(7i)®W v (7i) (6.5) 

where W V {7L) is the two-sided ideal of W{71) generated by ipw{C(7i)). This 
ideal is in fact a graded differential ideal of W{7i) so the corresponding 
canonical surjective homo morphism 

p : W{7i) ~* C(7i) (6.6) 
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is a homomorphism of graded differential algebras. It is easy to see that it is 
the morphism of "H-operation with connection of Theorem for Q = C(H) 
where the graded differential algebra C(T-i) is endowed with its structure of 
H-operation with (flat) connection described in §5.2 and §5.3. One has 

pou w = I C (u) (6-7) 
which means that the connection of W{1-L) is a section of p. 

6.5 Cohomology and invariant cohomology of W{7i) 

The cohomology and the invariant cohomology of W(H) are given by the 
following theorem. 

Theorem 10. The cohomology H{W(1-L)) and the invariant cohomology 
Hi(W(H)) ofW{T-L) are trivial, that is one has 

H n {W{V)) = H?(W(n)) = 

for n ^ 1 while H°(W(H)) and H?(W(H)) identify to the ground field K. 

Proof . By its very definition, W(T-L) is the tensor algebra over C("H) of the 
C(H)-bimodule ^ r (C(H)) 

W(U) = T cm (nl r (C(H))) 1 
therefore, there is a unique antiderivation K of W(H) which is such that 

Koa w = (6.8) 

and which satisfies 

K o d o aw = deg oaw (6.9) 

where deg is the degree, (since aw{C{%)) and d(otw(C{%))) generate W{T-L)). 
In fact deg is a derivation of W{T-L) into itself as well as a derivation of C(H) 
into itself and one has deg oaw = a w ° deg. 

Notice that aw(C(H) and (pw(C(H)) generate as well W(H) and that 
(16.91) is equivalent to 

K o Lpw = deg oaw (6.10) 
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in view of the definition of tpw- This implies that one has 



K o L h = L h o K 



(6.11) 



and 



(K o d + d o K) o aw = O-w ° deg 
(K od + doK)odo aw = do aw ° deg = 



= deg oa w 

(deg —I) o do a w 



on C('H) which implies H n (W(l-L)) = for n ^ 1 and by using (16. lip . 
Hf(W(H)) = for n > 1. On the other hand #°(jy(ft)) = H^(W(H)) = K 



This paper is the first part of a work on the noncommutative generalization 
of the notion of Cartan operation and of the Weil algebra. In this first part 
we have set up the general formulation of this noncommutative version. The 
second part will be devoted to the description in this context of the non- 
commutative version of the Weil homomorphism and of the noncommutative 
version of the Cartan map. 

Let us now explain why we did not mention the axiom (ix) 2 = (VX e jj) 
for the operation of a Lie algebra q in a graded differential algebra. Firstly, 
(ix) 2 is (for X e q) a derivation of degree -2 of Q which implies that it 
vanishes on the graded subalgebra of Q generated by the elements of degrees 
and 1, (remembering that fl is positively graded by assuption). Secondly 
the axiom [2731 (Cartan relation) implies that one has 



for any leg. Thus one has (ix) 2 = on the graded differential subalgebra 
f2(i) of fl generated (as graded differential algebra) by the elements of degrees 
and 1. In all cases of interest one has f2rn = Q, that is fl is generated as 
graded differential algebra by fl° © fl 1 which implies (ix) 2 = for leg. 
Thus one needs not the axiom (ix) 2 = which plays no role otherwise. 

Finally let us say some words on the relation with the construction of [18] . 
In the interesting paper [18] there is a definition of the Weil algebra of a coal- 
gebra which leads of course to a definition of a Weil algebra of a Hopf algebra 



is obvious. □ 



7 Conclusion 



[(ix) 2 ,d] = 
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%. However the corresponding Weil algebra is generated by H instead of H* 
as our W('H). Thus in spite of some similarities, it is a different object which 
is considered in [18]. In particular our correspondence H <—> W("H) has the 
same variance as the classical correspondence $j i— ► W(g) (W(g) is generated 
by 0*) while the Weil algebra of [18] has an opposite variance. Nevertheless, 
it is clear that for the noncommutative Weil homomorphism, we shall use 
results of [TS] as well as those of [T4] . [To] and [To] . 
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